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Abstract: 

The cross-section for 77 — > W + W~ with arbitrary polarized photons and W bosons is 
calculated within the electroweak Standard Model including the complete virtual and soft- 
photonic 0(a) corrections. We present a detailed numerical discussion of the complete 
radiative corrections and an analytical investigation of the leading corrections. It turns out 
that in the on-shell renormalization scheme for fixed Mw n o leading corrections associated 
with the running of a or heavy top-quark and Higgs-boson masses occur. The corrections 
are typically of the order of 10%. They reach, however, larger values where the lowest- 
order cross-sections are suppressed. 
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1 Introduction 



The SU(2) x U(l) standard electroweak theory has passed many precision tests during 
the last years. In particular, measurements of the muon decay constant G M , the gauge- 
boson masses Mw and Mz, and the decay widths and asymmetries of the Z boson at 
LEP have provided stringent constraints which are successfully fulfilled by the Standard 
Model (SM) evaluated at one-loop level. The experimental data favor a value for the 
top-quark mass which is in accordance with the direct measurements [ [I]] of CDF, m t = 
176 ± 16 GeV, and D0, m t = 199 ± 30 GeV. Nevertheless, further precision tests of 
the SM are required. Up to now, only weak direct experimental information exists on 
the non-Abelian self-interaction of the gauge bosons [ 0. Moreover, no experimental 
evidence on the mechanism of spontaneous symmetry breaking, which is responsible for 
mass generation and postulates the existence of the scalar Higgs boson, has been found yet. 
For such investigations, energies of several hundred GeV or even few TeV are needed, since 
the sensitivity to deviations from the SM gauge-boson self-interaction grows strongly with 
energy, and the existence of the Higgs particle can be proven only by direct production. 
To this end, a "Next Linear Collider" (NLC) for ee, ej, and 77 collisions was proposed [|| 
which offers a unique environment for such precision experiments owing to the comparably 
small background. 

A particularly interesting process in 77 collisions is 77 — ► W + W~. Its total cross- 
section approaches a constant of about 80 pb at high energies corresponding to 8 x 10 6 
W pairs for 10 fb -1 . This large cross-section is due to the massive t-channel exchange and 
is drastically reduced by angular cuts. But even for |cos 6*1 < 0.8 the cross-section is still 
15 and 4pb at a center-of-mass energy of 500 and 1000 GeV, respectively, and thus much 
larger as e.g. the one for e + e~ — > W + W~. Hence 77 — > W + W~ is very well-suited for 
precision investigations of the SM. 

Several features of 77 — »■ W + W~ have already been discussed in the literature. Most 
of the existing works concentrated on tree-level predictions [ |J, in particular on the 
influence of anomalous non-Abelian gauge couplings [ |[| |, [TJ. The process 77 — > W + W~ 
depends at tree level both on the triple 7WW and the quartic 77WW coupling, and no 
other vertices are involved in the unitary gauge at lowest order. The sensitivity to the 
7WW coupling is comparable and complementary to the reactions e + e~ — > W + W~ and 
e~7 — ► W~v: the first involves a mixture of the 7WW and the ZWW coupling, the second 
involves the 7WW alone but is less sensitive [ || . Because the sensitivity to the 77WW 
coupling is much larger than the one in e + e~ processes, 77 — > W + W~ is the ideal process 
to study this coupling [ [7]] . 

The one-loop diagrams involving a resonant Higgs boson have been calculated in order 
to study the possible investigation of the Higgs boson via 77 — > H* — > W + W~ [ R 



|9], [10], [II]. Based on our complete one- loop calculation, we have supplemented these 
investigations by a discussion of the heavy-Higgs effects in Ref. [ |T^]. As a matter of fact, 
only the (suppressed) channels of longitudinal W-boson production are sensitive to the 
Higgs mechanism, but the (dominant) channels of purely transverse W-boson production 
are extremely insensitive. This insensitivity to the Higgs sector renders 77 — > W + W~ 
even more suitable for the investigation of the non-Abelian self couplings. 
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In this paper, we focus on the complete SM one-loop corrections to 77 — > W + W~. One 
reason why these have not been calculated so far is certainly their analytical complexity. 
We have calculated the numerous Feynman graphs (roughly 300-550 depending on the 
gauge fixing) by using Mathematica [ More precisely, we have generated and drawn 
the Feynman graphs by FeynArts [ [TJ[ and performed three different calculations, one in 
't Hooft-Feynman gauge using FeynCalc [ |15| and two in a non-linear gauge with and 
without using FeynCalc. As the final result exhibits a very complicated and untransparent 
analytical form, we refrain from writing it down in full detail. Instead, we indicate its 
general structure and present a detailed discussion of the numerical results for the 0(a) 
(virtual and real soft-photonic) corrections to the polarized as well as unpolarized cross- 
sections. We restrict the presentation of the analytical results to the lowest-order cross- 
sections and the most important 0(a) corrections. In particular, we discuss the Higgs 
resonance, the heavy-Higgs effects, the Coulomb singularity, and the leading effects from 
light fermions and a heavy top quark. 

The paper is organized as follows: After fixing our notation and conventions in 
Section ^|, we consider the lowest-order cross-sections for various polarizations in Section |^. 
In Section |] we discuss the evaluation and general features of the radiative corrections 
and in Section |5| the numerical results. 



2 Notation and conventions 



We consider the reaction 

7^, Ai) + 7 (fc 2 , A 2 ) - W+(A; 3 , A 3 ) + W-(fc 4 , A 4 ) , 

where Ai j2 = ±1 and A 3j4 = 0, ±1 denote the helicities of the incoming photons and 
outgoing W bosons, respectively. 

In the center-of-mass system (CMS) the momenta read in terms of the beam energy 
E of the incoming photons and the scattering angle 9 

# = £(1,0,0,-1), 

*£ = £(1,0,0,1), 

k% = £(1, -(3 sin 6,0,-0 cos 6) , 

h£ = £(l,/3sin0,O,/3cos0) , (1) 



where /3 — J 1 — M^/E 2 is the velocity of the W bosons in the CMS. We define the 
Mandelstam variables 

s 

u = (ki - k 4 ) 2 = (k 2 - hf = M w - S -{1 + f3cos9) . (2) 

In order to calculate polarized cross-sections, we introduce explicit polarization vectors 
for the photons and W bosons as follows 

Ax = ±l) = -io,l,Ti,0), 



(hi + k 2 f = 


(A* + h) 2 


= AE 2 


(kx - hf = 


(k 2 - h) 2 


= M^ 


(hi - k 4 ) 2 = 


(fc - h) 2 
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£ 2 \K 2 , A 2 


LI \ 

- ±L ) 


£ 3 l K 3) ^3 


LI \ 

- ±L ) 




= ±1) 


eS"(*3,As 


= 0) 


^4^(^45 A4 


= 0) 



^=(0,l,±i,0), 



-1 

1 

V2 
E 

Mw 
E 



Mi 



(0, cos#, ±i, — sin#) , 
(0, cosr9, =p, — sin#) , 
((3, — sin 9, 0, — cos 9) 
(f3, sin 9,0, cos 9) . 



(3) 



We decompose the amplitude M. into invariant functions and standard matrix el- 
ements (SME) Mijki, which contain the whole information about the boson polarizations. 
Using the transversality condition for the polarization vectors and Schouten's identity, the 
amplitude M can be reduced to 

M(Xi, A 2 , A 3 , \ 4 ,s,t) = F m (s,t)Mijki(\i, A 2 , A 3 , A 4 , s,t) 

ij={0,3,4} fe,/={0,l,2} 



"r r 0000 
"r ^0000 



with = {3,4}, k,l = {1,2}) 

A^ijfcj = (£1 • h) 

■Mojki 



Mioki 
■M-ijoi 

■MijkO 

■Moom 

■MiOkO 

■Mijoo 

■M0001 
■M-ooko 
■Mojoo 

-MiOOO 

-Moooo 
- /w oooo 

• /vt 0000 



(ei ■ A) 
(£1 • hi) 

(£1 ■ h) 
(ei • fci) 

(£1 • £2) 

(£1 • el) 
(e 2 ■ e* 3 ) 
(e 2 ■ el) 
(4 ■ el) 
(£1 ■ e 2 ) 
(ei ■ e 2 ) 



(£3 • ^4 
(el ■ e\ 



(e\ • e 2 ) 
(ei ■ e* 3 ) 
= (£1 ' £4) 



s, i)A^oooo(Ai, A 2 , A 3 , A 4 , s, t) 
s, t)M.QQ 00 (Xi, A 2 , A 3 , A 4 , s, t) 



e 2 ■ kj)(e* 3 ■ k k )(e* A ■ h)/s 2 , 

e 2 ■ kj)(e* 3 ■ k k )(e* 4 ■ k t )/s, 
e 2 ■ A)(e* 3 ■ k k )(el ■ fc,)/s, 
e 2 -k j )(e* 3 -A)(el-k l )/s, 
e 2 ■ kj)(e* 3 ■ k k )(el ■ A)/s, 

e* 3 ■ h)(el ■ h)/s, 
e 2 ■ kj)(el ■ k)/s, 
e 2 ■ kj)(e* 3 ■ k k )/s, 
£1 • h)(el ■ k)/s, 
£1 • h)(e* 3 ■ k k )/s, 
£1 • ki)(e 2 ■ kj)/s, 

e* 3 -A)(el.k t ), 
e* 3 -k k )(el-A), 
£1 • A)(e 2 ■ kj), 
£1 • ki)(e 2 ■ A), 



(4) 



(5) 



(6) 



(7) 



£0 • £ 



4J, 



e 2 • e 4 ), 
£ 2 ■ el), 



(8) 



(9) 
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and 

Ai = U £ _ e iivpak\k P r L k% > > £ 0123 = —1 • (10) 

Our choice of polarization vectors for the photons implies 

e t k J= 0, ij = 1,2, (11) 

and thus by virtue of momentum conservation 

e i k^ = -e i k A , i = l,2. (12) 

We use this relation to eliminate all SME involving eik^ and £2^3- This reduces the 83 
SME defined in (^) - (|9|) to 38 for the process under consideration. 

As a consequence of CP invariance and Bose symmetry only the sum of each SME and 
the one with {e\, kx, e 3 , k 3 ) and (e 2 , k 2 , £4, fej) interchanged occurs. For instance, .M0401 
only appears in the combination .M0401 + -M3020 in the expansion of M. in (f|). This leaves 
22 independent SME. 

In four dimensions, the matrix elements A^ooqo an d ^0000 are n °t linearly independent 
from the set of all M.%ju and can be reduced to linear combinations of the other matrix 
elements using the identities 

c-e\e\k\k 2 k-j, reielfcifefo n. (10.} 

°E2£lkik 2 k3 ~ °e 2 e*kik 2 k 3 ~ U \ 16 ) 

involving the Gram determinant 

' pi ■ qi ... pi-q n 



XPl-Pn 

u qi...q n 



(14) 



Pn-qi • • ■ Pn ■ q n 

Nevertheless, we keep A^qooo anc ^ -^oooo f° r convenience. 

Bose symmetry implies that the amplitude M. is invariant under the interchange 
{k\,£\) «-> (^2,^2)- Since many diagrams can be related to others by this transforma- 
tion, it is useful to introduce a second set of SME which is obtained from by this 
interchange. Of course, this second set of SME can be expressed by the original set. 

Besides Bose symmetry also CP is an exact symmetry, since we use a unit quark- 
mixing matrix.[] The helicity amplitudes for fixed polarization configurations are related 
as follows 

A^A 1 A 2 A 3 A 4 ('5, t, U) = A^A 2 A 1 A 3 A 4 (-5, U, t) (Bose) 
-M Al A 2 A 3 A 4 (-S, t, U) = -M_ Al -A 2 -A4-A 3 (-S, U, t) (CP) 

M Xl x 2 ^(s,t,u) = M-x 2 -x 1 -x i -x 3 (s,t,u) (Bose+CP). (15) 

In the following, we only consider the sum of the two transverse W polarizations. 
Therefore we indicate the polarizations of the external particles by four labels, the first 
pair corresponding to the photons, and the second pair to the W bosons. The labels +,— 

1 For a non-trivial quark-mixing matrix, CP would be violated in the considered process first at two- 
loop level. 
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represent right-handed and left-handed photons, respectively, L stands for longitudinal, 
and T for the sum of the two transverse W polarizations. 

The combination of Bose and CP symmetry leads to the following relations between 
the differential cross-sections with equal photon helicities 




TT \<-"«/ ++ tt 




-LL \ — "/ 

(16) 

(LT+TL) V^V ++(LT+TL) 

Moreover, Bose symmetry implies that all cross-sections in (|T6|) are forward-backward 
symmetric. For different photon helicities Bose symmetry leads to 

(s,t,u) = ( J (s,u,t) , 

-+TT V / H — TT 

(s,t,u) = ( ] (s,u,t) , 

(s,t,u)=(^-) (s,u,t), (17) 

+(LT+TL) \ /+- (LT+TL) 

whereas Bose+CP does not yield further relations. 

C and P symmetry are only violated by the fermionic loop corrections, but hold in 
lowest order and for the bosonic loop corrections. We indicate these restricted symmetries 
by a modified equality sign 




M Xl x 2 x 3 x 4 (s,t,u) = M- Xl -x 2 -\ 3 -x 4 (s,t,u) 

M Xl X 2 X 3 X 4 (s,t,u) = -M Al A 2 A4A3(s,M) • 

P invariance then implies for the differential cross-sections 




-TT 

-LL 

(19) 

-(LT+TL) 

In combination with ([17] ) this means that the forward-backward asymmetries of the differ- 
ential cross-sections for unequal photon helicities are entirely due to fermionic corrections. 

We perform the calculation both in 't Hooft-Feynman (tHF) gauge and in a gauge 
with the following non-linear (NL) gauge-fixing term [ |16| 



~ l -(d^Z,-M zX f- l -^A,)\ (20) 
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Figure 1: Lowest-order diagrams for 77 — > W + W in NL gauge 
with the conventions of Ref. [ [T7| for the fields. In particular, and x denote the charged 



and neutral would-be-Goldstone fields, respectively. In this NL gauge the cjr^W^A vertices 
vanish. This reduces the number of Feynman graphs in comparison to the tHF gauge 
considerably. 

3 Lowest-order cross-section 

In NL gauge, only the three diagrams of Fig. |1] contribute to the lowest-order am- 
plitude. In tHF gauge two additional diagrams exist which involve internal <fi fields. 
Evaluation of the tree diagrams in either gauge yields the Born amplitude 

A^Born = 87TcJ / - M ,t + TT^ M ,u ~ M 00 00 \, (21) 

where 

M ,t = 2Mo 012 + 2.M3400 - 2M omi - 2_M 3020 + 2M 4io + 2.M 3002 + Mooo, 
Mo, u = 2M m2 i + 2^4300 - 27Wo3io - 27W4002 + 2.M 0301 + 2_M 4020 + Mooo- (22) 

The lowest-order matrix element vanishes for the helicities (Ai, A2, A3, A4) = (±, ±, 0, ±), 
(±,±,±,0), (±,±,0,=f), (±,±,=F,0), (±,±,±,=f), (±,±,=f,±). 
The differential Born cross-section [ |], |7| is obtained as 

© B °™ = Ji, \ (1 + A ' p > > (1 + A ^> ^-"l 2 ' < 23 > 

where P± 2 denote the degrees of photon-beam polarization and the sum over A3, A4 include 
the desired W polarizations. 

We list the differential cross-sections for several helicity configurations: 

/ da \ Born a 2 (3s(2M^ - AM^s + s 2 ) 



dQj ±±TT (M^-tyiM^-u) 2 
' do \ Born a 2 (3M^s 



dQj ±±LL {M^-t)\M^-uf 



■ n \ Born 

da \ 



dQ 



I =0 

±±(LT+TL) 
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Born 




±tTT 


'dc^ 


Born 




I 


Born 





a 2 l3s 3 f (IQM^ + s 2 )(ut - M^) 2 (t - u) 

A s 6 /3 4 s 2 /3 2 



(M^-t)2(M^-n) 2 l s 6 /3 4 s 2 /3 2 

a 2 (4M^ + g ) 2 (M^-tn) 2 
v , ±TLL ^(.\/ 2 v -/) 2 (.U 2 v -») 2 ' 

da\ B ° m 16a 2 M 2 ,(2M 4 r - t 2 - ^(M 4 , - fa) 

dfi / ±T (LT + TL) /?V(M 2 ,-t) 2 (M 2 ,- M ) 2 • 1 j 

These results can be reconstructed from equation (5) in Ref. [ |7| or from equation (4.5) 
in Ref. [§. 

Adding up the single contributions, we get for the unpolarized differential cross- 
section 2 



/da\ Born = 3a 2 (3 \ 



2s 2 (2 . 



+ 



— u) \3 s 
{M^-tfiM^-u) 2 s 2 



2s 4 (I M 4 \l , x 



Integration over # cut < < 7r — # cut yields: 

Born 16na 2 3 2 -4M^ + 2M; f ( 1 + g cos 6 cat \ 2/3cos0 cut 
a±±TT " a s 2 \ l0g [ 1 - (3 cos cut J + 1 - /3 2 cos 2 cut 



,Born 



a o ^ y x — ju i-uo i/ cu t / i - 

ljWM^r / l+/3cosfl cut \ 2/3cosg cut 1 
s s 2 l° g Vl-/3cos0 cut y + l-/3 2 cos 2 cut J ' 

Born 87T« 2 f g 2 + 16M^ 

±ttt - p Pcosy cut 

2 ^ 4 - 2M 2 ,s 3 - 2M^s 2 + 32M^s - 32M^ ^ / l + /3cosfl c ut 

s 4 \_ 1 - /3 cos cut 

s 4 - 4M 2 , s 3 + 2M^s 2 + 32M^ g cos 6 cnt \ 
s* 1- f3 2 cos 2 6 cut j ' 



Born 4^(4^ + ^/ ^(s-M^ ^ l + lcos^ ' 
= ~W s~ 2 Y* cos ^- 4 ^ lo Hl-/3cos0 c 



cut 
cut 



J ^ LL = -W 7 2 {P™"**-* 7 2 \ 1 — f3 cos 9 cut / 

8M 4 , /3cos0 cut ) 
S 2 l-/3 2 cos 2 cut J ' 
12WM 2 ,/ s 2 - 2M 2 ,. + 4M 4 , / l + flops 0. 

^(LT+TL) - -^i r j-^COS0 cut + - log (^T^fl^ 

4M&(s-2M&) gcosfl^ \ 
s 2 l-/3 2 cos 2 # cut J ' 

and for the unpolarized cross-section 

p s [ s J \1 — p cos 0, 

2 The second term in equation (6) of Ref. [ ^] should be multiplied by 2. 



cut 
'cut , 



(26) 
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e 


unpol 


±±TT 


±±LL 


±=ftt 




±=F(LT + TL) 


500 


0° < 8 < 180° 


77.6 


82.2 


6.10 x 10~ 2 


70.2 


9 99 x 10 _1 


1.69 


20° < 6 < 160° 


36.7 


42.7 


3.17 x 10~ 2 


28.2 


9.89 x 10- 1 


1.49 


1000 


0° < 9 < 180° 


80.1 


82.8 


3.54 x 10~ 3 


76.9 


2.52 x 10" 1 


1.70 x lO" 1 


20° < 9 < 160° 


14.2 


16.8 


7.18 x 10~ 4 


11.2 


2.44 x 10" 1 


1.21 x 10" 1 


2000 


0° < 6 < 180° 


80.6 


81.6 


2.14 x 10~ 4 


79.5 


6.41 x 10~ 2 


1.50 x 10~ 2 


20° < 6 < 160° 


4.07 


4.84 


1.27 x 10~ 5 


3.23 


6.11 x 10~ 2 


8.26 x 10~ 3 



Table 1: Lowest-order integrated cross-sections in pb for several polarizations 




16(3 cos gcut 
- (3 2 cos 2 9 a 



(27) 



In Figs. [7| and |8| we show the lowest-order cross-sections for various polarizations and 
two different angular cuts 9 cnt = 10°, 20°. For 8 cnt = 0, the cross-sections for transverse 
W bosons approach a constant at high energies, s 3> M^, owing to the massive t-channel 
exchange 

^ ^ = 80.8 pb. (28) 

For a finite cut, <t±±tt an d ^±™tt behave as 1/s for large s. The cross-sections c|°™ L 
and <7±^(tl+lt) are proportional to 1/s and 1/s 2 , respectively, independently of the cut- 
off. The cross-section cr^_ r £ L goes like 1/s 2 at high energies for 6 cnt = and like 1/s 3 
for a finite cut-off. It is suppressed by about a factor of 10 3 at -Ecms — 500 GeV. 
Note that the latter cross-section can be enhanced drastically by non-standard physics 
[ 12 1 . At high energies, the unpolarized cross-section (renvoi * s dominated by transverse 
W bosons, and all polarized cross-sections involving two transverse W bosons are of the 
same order-of-magnitude. Close to threshold the differential and integrated cross-sections 
for all polarization configurations vanish like (3. Numerical values for the lowest-order 
cross-sections can be found in Table [|. 

Figures |9] and |H] show the angular distributions of the differential lowest-order cross- 
sections for various polarizations at Eqms = 500, 1000 and 2000 GeV. The cross-sections 
involving transverse W bosons are characterized by the t- and w-channel poles in the 
forward and backward directions, respectively. With increasing energy they increase in the 
very forward and backward direction proportional to s but decrease in the central angular 
region proportional to 1/s. The respective behavior of (dcx/df2)±™£ L is 1/s and 1/s 3 . The 
cross-sections (dcr/dfi)^£ L and (da/dfi)±^ LT+TL ) vanish in the forward and backward 
direction. While (dcr/df2)^™£ L reach their maxima at 90° and decrease proportional to 1/s 
for all angles, (da/dfi)^" LT+TL ) possess maxima at |cos6>| = (3 decreasing proportional 
to 1/s and relative minima at 9 = 90° decreasing proportional to 1/s 2 . 

4 Radiative corrections 
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4.1 Non-linear gauge fixing 

We have performed the calculation of the radiative corrections in tHF gauge and a NL 
gauge with the gauge-fixing term given in equation ( PD| ) applying the complete on-shell 
renormalization scheme in both cases [ I7|. As pointed out in Sect. 2 the (p^W^A vertices 
vanish in NL gauge. As a consequence the <fi self-energy and the (f)W mixing energy do 
not contribute, and the number of vertex and box diagrams is reduced from 441 in tHF 
gauge to 268 in NL gauge (for one fermion generation). 

Furthermore, the analytical expressions for the W ± u ± u A ' z vertices (with u, u denoting 
the Fadeev-Popov ghost fields) are proportional to the W-boson momentum in NL gauge 
and thus vanish for on-shell W bosons. For this reason most of the box and vertex 
diagrams with internal ghost fields vanish. As the corrections to the AAA and AAZ 
vertices vanish in both gauges, the number of non-vanishing vertex and box diagrams 
reduces to 365 in tHF gauge and to 168 in NL gauge. Moreover, many diagrams have a 
simpler structure in NL gauge. 

In order to determine the counterterms necessary for renormalization one has to cal- 
culate the self-energies. Here we list the differences AS = S NL — S tHF between the 
self-energies in NL gauge and the ones in tHF gauge. The transverse parts of the latter 



can be found e.g. in Ref. [ [17|]. For the transverse part of the W self-energy we find 



T 2tt 



My,) 



B (k 2 , 0, M w ) + ^B (k 2 , M z , My,) 

Syj 



(29) 



and for its longitudinal part 

^-\^f(5k 2 + 5M Z 2 - 3M^)B (k 2 , My,, M z ) + (5k 2 - 3M^)B (k 2 , My,, 0) 

47T I S w 

(30) 



AE ww 



+ 4-M^L3 (0, 0, M w ) - B (0, 0, M z )] - Atf 



where Bq is the scalar one-loop two-point function [ [17|, 18|. The differences for the 
self-energies involving neutral gauge bosons can be given in a compact way 



a 
2^ 



f BB (2k 2 — M B — M 2 B ,)B (k 2 , My,, M w ) 



a 
2^ 



f»» (M 2 B + M 2 BI )B (k 2 ,M w ,M, 



(31) 
(32) 



with SW = A, Z and 



/ 



AA 



f 



AZ 



£w 

s w 



./ 



zz 



-w 

'W 



(33) 



Note that the differences for the transverse parts of the W, Z, and A self-energies are 
proportional to (k 2 — M wz ) and k 2 , respectively. 

4.2 Inventory of 0(a) corrections 

In the following we list the virtual corrections, i.e. the contributions to 5A4, in NL 



gauge. We adopt the conventions of Ref. [ [I7|], where the necessary explicit results for 
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the transverse parts of the self-energies and the renormalization constants can be found. 
Because of the length of our results we do not explicitly write down the analytic expres- 
sions. 

Owing to our renormalization scheme, we have to deal with self-energy insertions 
only into the internal lines of the tree diagrams of Fig. 1. These result in the following 
contribution to the invariant matrix element 

5M aeli = 4TO { (M ^ t) ^ T W (^o, t + iM ? S _ u) 2 ^T W (u)Mo,u (34) 



Figure |2| shows the t-channel graphs for the upper AWW* vertex (asterics denote off- 
shell fields); the diagrams (h), (i), (k), (1), and (n) vanish for on-shell external photons and 
W bosons. The diagrams for the lower AWW* vertex can be constructed in an analogous 
way, and the u-channel diagrams are obtained via crossing, i.e. the interchange of the two 
external photons. 



The AAA* and AAZ* vertex corrections vanish according to Yangs theorem [ [L9| and 
because the virtual A and Z are coupled to a conserved current. Thus, the only s-channel 
vertex corrections, which contribute to 5Ai, are the Higgs-resonant AAH*-vertex graphs 
shown in Fig. |5|. For the graphs (a)-(d) also crossed ones exist. The A AH* corrections 
are discussed in the next subsection. 

The box diagrams are shown in Figs. |3| and |j. While to each diagram in Fig. |] a 
crossed partner diagram corresponds, those in Fig. [| are symmetric under crossing. For 
on-shell external bosons the graphs (h) and (i) of Fig. ^ and the graphs (e) and (f) of 
Fig. [| vanish. 

The renormalization is performed in the on-shell renormalization scheme. Evaluation 
of the counterterms diagrams yields 

5M counter = -M B orn( 2(5 Z e + 5Z W + 5Z AA - —5Z ZA ) 

In this context we mention that the massive gauge-boson sector does not break elec- 
tromagnetic gauge invariance if the NL gauge fixing (|20"D is applied. As a consequence 
on-shell photons do not mix with Z bosons rendering the counterterm SZza zero, 

£^_(0) 

fi 

The charge renormalization constant 5Z e is then given by [ IT] 



,z " = 2 nv#r = °- (36) 



(37) 

k 2 =0 



2^2 dk 2 

so that the complete counterterm contribution to the matrix element M. reduces to 

SMZnter = M BoI JZ W - 8tT« f J M ,t + ( ^ )a Mj • (38) 
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Figure 2: The t-channel diagrams for the upper AWW* vertex 
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Figure 3: Non-crossing-symmetric box diagrams 
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Figure 4: Crossing-symmetric box diagrams 



4.3 Higgs resonance 

The Higgs resonance in 77 — > W + W~ was discussed extensively in the literature; see 
e.g. Refs. [ |10| , [11]. So we restrict ourselves to the listing of our results for the Higgs- 
resonant graphs. 

The Higgs-resonant part of the process is caused by the graphs of Fig. [|. These yield 
a contribution of the form (compare Ref. [ I U) 

5Maah* = F [ S I m 0000 ( 39) 

S 



with 



F H (s) = -^H 6M^ + Ml + M^C^^C (s, 0, 0, M^, M^, 



s 



w 



- 2 N fQ} m } [ 2 + ( 4m / - s )Co(s, 0, 0, mj, m 2 f , m))\ \. (40) 

The sum in ([!(]) extends over all massive fermions with charge Qf and color factor Nj. 
The coefficient C*( gauge ) is gauge- dependent and reads 

^(gaugc) = 12M 2^ + 2M 2 _ 8s ^ 

in NL gauge and 

^(gauge) = 12M 2^ + M 2 _ 7^ ^ 
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Figure 5: The AAH* vertex diagrams 



in tHF gauge. Note that 5A4aah* vanishes for opposite helicities of the incoming photons 
or outgoing W bosons together with A^oooo- Hence the Higgs resonance is only present 
for photons and W bosons with equal helicities. 

In the literature [ [| [II], |T1[, the Higgs-boson width has been introduced naively by 



the replacement 



in Owing to the gauge dependence of F H (s), this treatment destroys gauge in- 

variance. The violation of gauge invariance occurs at the level of the non-resonant 0{pt) 
corrections, which were neglected in Refs. [ || [l(], |ll|] . Since our main concern are exactly 



these corrections we have to take care of gauge invariance. To this end we decompose 
(j39l) into a gauge-invariant resonant part and a gauge- dependent non-invariant part and 
introduce Th only in the former. This results in the following replacement in (|39| ) 

F H {s) F H (Mp F H {s)-F H {Mp 

s-M& s-M& + iM H T H s-Ml ' 1 ] 



Equations (|39| ) and (fPJ) yield a gauge-invariant amplitude including the finite width in 
the resonant Higgs contributions. 

Since the resonant Higgs contributions are large for s ~ M^, we take also the square of 
the resonant part of the matrix element into account in the numerical analysis [compare 

For a calculation with order 0(a) accuracy also near s = M^, one should take into 
account the 0(a) corrections to the Higgs-boson width [ 20] and to F H (M^) in the 



resonant contribution. Since the Higgs resonance is not our main concern, we only take 
into account the lowest-order decay width determined from the imaginary part of the 
one- loop Higgs-boson self-energy and (|40| ) for F H (M^). 
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4.4 Leading corrections 

The electroweak radiative corrections typically involve leading contributions of univer- 
sal origin such as the leading-logarithmic QED corrections, corrections arising from the 
running of a, corrections associated with large top-quark or Higgs-boson masses, and the 
Coulomb singularity at threshold for the production of a pair of charged particles. 

We first discuss the leading weak corrections: 

• For 77 — > W + W~, the running of a is not relevant, as the two external photons 
are on mass shell, i.e. the relevant effective coupling is the one at zero-momentum 
transfer. Technically, the large logarithms present in the renormalization constant 
5Z e of the electron charge are canceled by the corresponding logarithms in the wave- 
function renormalization constant SZ^a of the external photons, as can be explicitly 
seen in (p7|). 

• The Higgs-mass-dependent corrections have been discussed in detail in Ref. [ [T^j. In 
the heavy-Higgs limit, M H 3> y/s, no corrections involving log(M H /M w ) or M^/M^ 
arise. Consequently the Higgs-mass dependence is small. However, for s/s ^> Mh 3> 
M\v corrections proportional to M^/M^ appear for the cross-sections involving 
longitudinal gauge bosons as a remnant of the unitarity cancellations (compare 



Ref. [ |2TJ). These give rise to large effects in particular for cx±±ll- 



• The situation is similar for the top-dependent corrections. As the lowest-order 
matrix element is independent of the weak mixing angle, no universal corrections 
proportional to m^/M^ arise from renormalization. It can be easily derived by 
power counting that such terms do also not result from loop diagrams in the heavy 
top limit m t ^> A more accurate analysis reveals that even no terms involving 
log(m t /Mw) occur in this limit. On the other hand, for -y/i 3> m t 3> Myv corrections 
proportional to rn^/M^ appear for longitudinal gauge bosons (compare Ref. [ pT| ) ■ 

All these statements hold in the on-shell renormalization scheme with a, M\y and Mz as 
input parameters. If the M\y mass is determined from G^, corrections involving logarithms 
of the light fermion masses, m t , and Mh occur together with the universal corrections 
proportional to ml/M^j associated with the p parameter. 

The leading corrections of electromagnetic origin are independent of the renormaliza- 
tion scheme and the input parameters: 

• As 77 — > W + W~ involves no light charged external particles, no large logarith- 
mic corrections associated with collinear photons show up apart from the region of 
very high energies, s ^> M^. As a consequence, the photonic corrections are not 
enhanced with respect to the weak corrections. 

• Close to threshold, the Coulomb singularity gives rise to large effects as in any pair- 
production process of charged particles. These effects can be extracted on general 
grounds or directly from the Feynman diagrams. To this end one has to consider 
all diagrams resulting from the lowest-order diagrams with an additional photon 
exchanged between the final state W bosons (Fig. ^[). In the limit (3 <C 1 one 
obtains: 

g CauL = ^Bom (45) 

2(5 v ; 
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Figure 6: The diagrams that contribute to the Coulomb singularity in NL gauge 



The f3~ x correction factor in (fS|) to the Born cross-section near threshold is typical 
for the pair production of stable (on-shell) particles. The generalization to unstable 
(off-shell) particles can be found in the literature [ |22| . 



At high energies, s 3> M-fa, the radiative corrections are dominated by terms like 
(a/n) \og 2 (s/M^ v ), which arise from vertex and box diagrams (comp. Ref. [^TJ). At 
1 TeV these are about 10%, setting the scale for the (weak) radiative corrections at this 
energy. 



4.5 Structure of the final result 



For a consistent treatment of the virtual one-loop radiative corrections the squared 
transition matrix element has to be expanded in a power series of the coupling constant 
a 

\M\ 2 = l-MBoml 2 + 2 Re{5MM^ orn } + higher orders. (46) 

The 0(a) correction 5 At to the matrix element Ai is decomposed as in (H). We do 
not consider those polarization configurations for which the lowest-order matrix element 
vanishes. 

The invariant functions are calculated in terms of standard tensor integrals, which 
are reduced to scalar integrals by the procedure proposed in Ref. [ ^3] . The scalar one- 

m 



Whereas 



loop integrals are evaluated using the methods and general results of Ref. 
UV divergences are regularized dimensionally, we treat IR divergences by introducing an 
infinitesimal photon mass A. The artificial A dependence drops out when soft-photon 
bremsstrahlung is added. 

The cross-section including full 0(a) corrections and the squared Higgs-resonant 0(a) 
contributions read 




Bornl 2 (1 + M + 2Re{8MM* Born } + 



\F H (Ml)M mm \ 



2 -i 



M2)2 + r 



(47) 



where 



af 2AE 1 (I- (3 

5sB = __{ 2l0g _ + _ l0g (_ 



+ 



S0 



2AE , 
2 log — - — log 



A 



-2Li, 



l + (3 



+ 2 l0g2 







l + (3 



* n, 

H 2 log - 

3 6 V1 + ^ 



log 



l_-£ 
l + P 

2(3 



(4& 
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denotes the soft-photon correction factor, AE is the maximal energy of the emitted pho- 
ton, F H is given in (flUD, and 5 is the relative correction. 

For the integrated cross-section a, the relative correction is defined analogously 



a 



/ dcostf / d0 — = a Bom 1 + 5). (49) 
Je min Jo \d\l 



dtt J 



In order to ensure the correctness of our results we have performed three different 
calculations. The corrections were calculated with FeynCalc [ |15[] both in tHF gauge and 
NL gauge (|20D . A further calculation was performed independently with Mathematica 
without using FeynCalc in NL gauge. The results of these various calculations agree nu- 
merically within 8-9 digits for the corrected cross-section. Moreover, we have checked that 
all UV and IR singularities cancel, and that the symmetries discussed in Section ||] hold. 



Finally, the leading corrections discussed in Section |4.4j have been deduced analytically 
and checked numerically. 

5 Numerical results 



For the numerical evaluation we used the following set of parameters [ 24 



a 


= 1/137.0359895 




= 1.166390 x 10~ 5 GeV~ 


-2 




M z 


= 91.187 GeV, 


M H 


= 250 GeV, 






m e 


= 0.51099906 MeV, 


«v 


= 105.65839 MeV, 


m T 


= 1.777 GeV, 


m u 


= 46.0 MeV, 


m c 


= 1.50 GeV, 


m t 


= 170 GeV, 


m d 


= 46.0 MeV, 


m s 


= 150 MeV, 


m b 


= 4.50 GeV. 



(50) 

The masses of the light quarks are adjusted such that the experimentally measured 
hadronic vacuum polarization is reproduced [ |25| . As discussed in the previous sec- 
tion, no large logarithms associated with fermion masses enter the 0(a) corrections for 
77 — > W + W~ in the on-shell renormalization scheme, and the fermion mass contributions 
are only of the order am'j/M^. However, as the Fermi- const ant is empirically much 
better known than the W mass, Mw is usually calculated from all the other parameters 
using the muon decay width including radiative corrections. In this calculation of Mw 
all parameters given above enter sensibly. If not stated otherwise, Mw is determined in 



the following using formulae (2.56) and (2.57) of Ref. [ |26|. The above set of parameters 
yields 

M w = 80.333 GeV. 

As discussed above, no leading collinear logarithms occur in 77 — > W + W~. Thus, the 
only source of enhanced photonic corrections are the soft-photon-cut-off-dependent terms 
which yield the following relative correction 

2a AE ( s - 2M W l + /3\ 

While these cut-off-dependent terms are definitely of electromagnetic origin, the complete 
electroweak 0(a) corrections cannot be separated on the basis of Feynman diagrams in 
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a gauge-invariant way. Since we are mainly interested in the weak corrections we discard 
the cut-off-dependent terms (|5~T| ) and consider the rest as a suitable measure of the weak 
corrections for the process at hand. The elimination of the cut-off-dependent terms can be 
achieved simply by setting the soft-photon cut-off energy equal to the beam energy. If not 
stated otherwise, the correction 5 stands in the following for the complete soft-photonic 
and virtual electroweak corrections as defined in ([|7|) for AE = E. 

Figure |7| shows the corrections to the total cross-sections integrated over 10° < 9 < 
170° for different boson polarizations. The dominating channels involving transverse 
W bosons get corrections which almost coincide with each other as well as the unpolarized 
case and reach roughly —20% at yfs = 2 TeV. For 9 cut = 10° the corrections to cx± t ll are 
similar, and those to ct± t (lt+tl) ar e only slightly larger. The corrections to <t±±ll are 
completely different. At low energies they are dominated by the Higgs resonance, at high 
energies by corrections proportional to M^/M^ which are additionally enhanced owing 
to the suppression of the corresponding lowest-order cross-section. This cross-section, 
which is also most sensitive to a very heavy Higgs boson, has been discussed in detail 
in Ref . [ . Note that owing to helicity conservation only the cross-sections with equal 
photon and W boson helicities are affected by the Higgs resonance. 

Imposing a more stringent angular cut 20° < 9 < 160° to the phase-space integration, 
the corrections become larger at high energies for all polarizations involving t- and it- 
channel poles and reach about —35% at y/s = 2 TeV (Fig. §). This is due to the fact 
that after cutting off the dominant forward and backward peaks we are left with a region 
in phase space where the influence of the radiative corrections becomes more important. 
The corrections to the other cross-sections, in particular to o~± t ll, are hardly affected. 

In Figs. [| and [10] we show the corrections to the differential cross-sections for y/s = 0.5, 
1 and 2 TeV. Whenever the differential cross-section is sizable, 5 is of the order of 10%. 
The corrections are in particular small in the forward and backward direction for all 
cross-sections that involve t- and w-channel poles in lowest order. On the other hand, 
the corrections get very large when the lowest-order cross-section is suppressed or tends 
to zero, in particular for dcr±±LL/dO at high energies and intermediate scattering angles. 
The maximal corrections are usually reached for central values of the scattering angle. 
In accordance with the discussion in Section |2|, the corrections are forward-backward 
symmetric for equal photon helicities. For opposite photon helicities they include an 
asymmetric contribution originating from box diagrams and AWW vertex corrections 
involving fermion loops. The corrections for two negative helicity photons are equal 
to those for two positive helicity photons. As a consequence of Bose symmetry, the 
corrections to dcr + _/dfi are obtained from those to d<r_ + /df2 upon exchanging u and t, 
i.e. 9 <-> 180° — 9. Thus, the unpolarized cross-section is forward-backward-symmetric. 

In Table ||] we list the unpolarized cross-section and the corresponding corrections for 
several energies and scattering angles. We include the corrections for a soft-photon-energy 
cut-off AE = 0.1E, the cut-off- dependent corrections 5 cut from (f[TJ), and the individual 
(gauge-invariant) fermionic 5{ erm and bosonic corrections 5\> os . The fermionic corrections 
consist of all loop diagrams and counterterm contributions involving fermion loops, all 
other contributions form the bosonic corrections. The fermionic corrections stay below 5- 
10% even for high energies. On the other hand, the bosonic contributions are responsible 
for the large corrections at high energies, in particular in the central angular region. 
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Figure 7: Integrated lowest-order cross-sections and corresponding relative corrections for 
several polarizations with an angular cut 10° < 9 < 170° 
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Figure 8: Same as in Fig. [7] but with an angular cut 20° < 6 < 160 c 
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Figure 9: Differential lowest-order cross-sections and relative corrections for the unpolar- 
ized cross-section and the cross-sections with equal photon helicities 
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Figure 10: Differential lowest-order cross-sections and relative corrections for the cross- 
sections with opposite photon helicities 
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Table 2: Lowest-order cross-sections and relative corrections for unpolarized particles 



In Ref. [ [J various observables have been investigated in view of their sensitivity to 
anomalous couplings, involving the total cross-section and the following ratios]] 

(52) 
(53) 
(54) 



-Rio — 


ct(|cos#| < 0.4) 


a(|cos#| < 0.8) 


-Rlt = 




• 






R02 = 


^++ 







We list the lowest-order predictions together with the 0(a)-corrected ones and the relative 
corrections for these observables in Table § using |cos# cu t| = 0.8. 

In Tables |] - [7| we show the variation of the SM corrections with the top-quark and 
Higgs-boson masses at ^/s = 500 GeV in per cent of the cross-section for our standard 
set of parameters (0). We have determined this variation by searching the maximum 
and minimum cross-sections in the range 130 GeV < m t < 210 GeV for the variation with 
m t and in the ranges 60 GeV < M H < 400 GeV and 600 GeV < M H < 1000 GeV for 
the variation with Mh. The range 400 GeV < Mh < 600 GeV has been left out as there 
the Higgs-mass dependence is dominated by the Higgs resonance. Because the resonance 

3 Note that we do not perform a convolution with a realistic photon spectrum but consider the incoming 
photons as monochromatic. 
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Table 3: Lowest-order predictions and corresponding corrections for various observables 
and |cos# cut | = 0.8 
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Table 4: Variation of various polarized cross-sections at -E^ms — 500 GeV for fixed 
with the top-quark mass in the range 130 GeV < m t < 210 GeV in per cent of the cross- 
section for m t = 174 GeV 

dominates cx±±ll in an even wider range, we have omitted this cross-section in the tables 
for the Higgs dependence. 

In Tables § and |5| the W-boson mass is kept fixed at Mw — 80.22 GeV. Then, as 
argued in the previous section, the variation is small owing to the absence of large top- 
and Higgs-mass-dependent corrections. The larger variation of the cross-sections involving 
longitudinal W bosons is due to terms proportional to m^/M w or M^/M w arising as a 
remnant of the unitarity cancellations for y/s ^> m t ,Mn. These terms induce a sizable 
variation of these cross-sections with m t and Mw at higher energies. 

The variations of the corrections for fixed are shown in Tables ^ and |^. It is larger 
in particular for the cross-sections for purely transverse W bosons. This fact results from 
the dependence of Mw on m t and Mh that involves logarithmic top- and Higgs-mass- 
dependent terms and terms proportional to m^/M w . 

To visualize the Higgs resonance, we plot in Fig. |TT] the cross-section including 0(a) 
corrections integrated over 20° < 9 < 160° for various values of the Higgs-boson mass. 
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Table 5: Variation of various polarized cross-sections at -Ecms = 500 GeV for fixed Mw 
with the Higgs-boson mass in the ranges 60 GeV < M H < 400 GeV and 600 GeV < M H < 
1000 GeV in per cent of the cross-section for Mh = 250 GeV 
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Table 6: Same as in Table but now for fixed G, 



Our results agree qualitatively^ well with those of Ref. [ 10]. While the resonance is 
comparably sharp at small energies, it is washed out by the large width of the Higgs 
boson at high energies. Already for Mh = 400 GeV the Higgs resonance is hardly visible 
in 77 — > W + W~. 



6 Summary 

The process 77 — > W + W~ will be one of the most interesting reactions at future 77 
colliders. In particular, it is very useful to study triple and quartic non-Abelian gauge 
couplings. 



4 See footnote ||. 
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0.37% 



Table 7: Same as in Table |^ but now for fixed G A 
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Figure 11: Integrated unpolarized cross-section including 0(a) corrections for various 
Higgs-boson masses (20° < 9 < 160°) 

We have calculated the one-loop radiative corrections to 77 — > W + W~ within the 
electroweak Standard Model in the soft-photon approximation for arbitrary polarizations 
of the photons and W bosons. By using a non-linear gauge-fixing term the number of con- 
tributing diagrams can be reduced by roughly a factor of two. An interesting peculiarity 
of 77 — > W + W~ is the absence of most (universal) leading corrections, such as leading 
logarithms of light quark masses associated with the running of a and leading logarithms 
associated with collinear bremsstrahlung. Therefore, the theoretical predictions are very 
clean. 

In the heavy mass limit no leading m^- and logm t -terms and logMn-terms exist. 
Consequently, the variation of the cross-sections with the top-quark and Higgs-boson 
masses is small if M\y is kept fixed with the exception of the cross-sections involving 
longitudinal W bosons at high energies. For fixed the variation arises mainly from the 
variation of with m t and Mh and is thus of similar origin like the one of e + e~ — ■> // 
or e+e" -> W+W". 

We have presented a detailed numerical discussion of the lowest-order cross-sections 
and the virtual and soft-photonic corrections to 77 — > W + W~. The soft-photon-cut-off- 
independent radiative corrections to the total cross-section are of the order of 10%. They 
are increased at high energies if the forward and backward regions are excluded by an 
angular cut. This is due to the fact that at high energies the radiative corrections reach 
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several 10% for intermediate scattering angles whereas they are at the level of several per 
cent in the forward and backward direction which dominate the total cross-section. The 
large corrections are caused by bosonic loop diagrams whereas the effects of the fermionic 
diagrams are of the order of 5-10%. 
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